PSR B1820−30A is located in the globular cluster NGC 6624 and is the closest known pulsar to the centre of any globular cluster. We present more than 25 years of highprecision timing observations of this millisecond pulsar and obtain four rotational frequency time derivative measurements. Modelling these higher-order derivatives as being due to orbital motion, we find solutions which indicate that the pulsar is in either a low-eccentricity (0.33 e 0.4) smaller orbit with a low mass companion (such as a main sequence star, white dwarf, neutron star, or stellar mass black hole) or a high-eccentricity (e 0.9) larger orbit with a massive companion. The cluster mass properties and the observed properties of 4U 1820−30 and the other pulsars in the cluster argue against the low-eccentricity possibility. The high-eccentricity solution reveals that the pulsar is most likely orbiting around an intermediate-mass black hole (IMBH) of mass > 7, 500 M ⊙ located at the cluster centre. A gravitational model for the globular cluster, which includes such a central black hole (BH), predicts an acceleration that is commensurate with that measured for the pulsar. It further predicts that the model-dependent minimum mass of the IMBH is ∼ 60, 000 M ⊙ . Accounting for the associated contribution to the observed period derivative indicates that the γ-ray efficiency of the pulsar should be between 0.08 and 0.2. Our results suggest that other globular clusters may also contain central black holes and they may be revealed by the study of new pulsars found sufficiently close to their centres.
INTRODUCTION
Globular clusters contain large numbers of old stars gravitationally bound together in regions of a few tens of light years across. High stellar densities towards the centre of globular clusters provide a likely environment for the formation of massive BHs (Portegies Zwart et al. 2004; Miller & Hamilton 2002; Gebhardt et al. 2005; Lützgendorf et al. 2013) . The dynamics of the inner region are dominated by the presence of any central BH and the motion of stars around the BH can potentially be measured.
Millisecond pulsars (MSPs) are one of the most stable rotators in the universe and their stability of the rotation is comparable to that of an atomic clock (e.g. Petit & Tavella 1996; Hobbs et al. 2012) . They are therefore very sensitive to any dynamical changes caused by the presence of a central BH. They are old neutron stars that are spun up to millisecond periods during a mass accretion phase through a so-called recycling process (Radhakrishnan & Srinivasan 1982; Alpar et al. 1982) . The vast majority of the known pulsars in globular clusters are MSPs -about 120 MSPs discovered in 28 globular clusters 1 . The Milky Way globular cluster NGC 6624 is located 7.9 kpc away from the Earth, and 1.2 kpc away from the Galactic centre based on optical observations (Harris 1996 (Harris , 2010 . Kuulkers et al. (2003) estimated the distance to the cluster to be 7.6(4) kpc based on Type I X-ray bursts from the source 4U 1820−30. This Galactic bulge globular cluster is thought to be core-collapsed due to the cusp signature seen in the density profile derived from optical observations (Sosin & King 1995; Noyola & Gebhardt 2006) . Six radio pulsar have been discovered so far in NGC 6624; PSRs B1820−30A and B (PSRs J1823−3021A & B Biggs et al. 1990; Biggs et al. 1994) , and PSRs J1823−3021C, D, E, and F (Chandler 2003; Lynch et al. 2012) . PSRs B1820−30B and J1823−3021C are young pulsars with a spin period of ∼ 0.4 s, while the others are MSPs with a spin period of < 6 ms. The position measurements of these pulsars are given in Table 1 . PSR B1820−30A is the closest known pulsar to the centre of any globular cluster, where its projected separation from the cluster centre in the sky-plane is approximately 0.5 ′′ (see Figure 1 ). It has a rotational frequency (f ) of 183.82 Hz and frequency time derivative (ḟ ) of −1.14×10
−13 Hz/s (Biggs et al. 1994; Lynch et al. 2012) , where the period derivative isṖ = −ḟ /f 2 = 3.38×10 −18 s/s. The values ofṖ andḟ are usually attributed to the loss of rotational energy from the spinning neutron star. However, this is the highest measuredṖ for any MSP and is several orders of magnitude greater than the typical value (see Manchester et al. 2005) 2 . It has previously been proposed that this anomalousṖ is not intrinsic to the pulsar and is solely induced by the dynamics due to its special location in the cluster (Biggs et al. 1994) . However, the derived high luminosity from the observed pulsed γ-ray flux density of the pulsar using the Fermi LAT suggests that a notable fraction of the observed value ofṖ could be intrinsic (Freire et al. 2011; Abdo et al. 2013) . In general, the intrinsicṖ of pulsars can be estimated from the observed gamma-ray luminosity, although the unknown γ-ray beaming fraction, γ-ray efficiency, and the large uncertainties of distance estimates make them poorly constrained for individual objects.
The orbital parameters and masses of a pulsar in an orbit around a companion are traditionally determined by fitting Keplerian and post-Keplerian models to timing data covering at least a complete orbit (Lorimer & Kramer 2005) . However, this method is applicable to short orbital period systems and cannot be used for wide-orbit systems where the orbital periods are longer than the data set. Joshi & Rasio (1997) proposed a method for measuring the orbits and companion masses of such binary MSPs that uses the higherorder spin frequency derivatives obtained from timing measurements. The main assumption in this model is that all the frequency derivatives are dynamically induced and not intrinsic to the pulsar. We use our precise timing measurements of PSR B1820−30A in this model to constrain the pulsar orbit and its companion mass. In our analysis, we also consider a significant pulsar intrinsic spin-down contribution in the observed value as mentioned in Freire et al. Table 1 . The available position measurements of the cluster centre, radio pulsars, and LMXB 4U 1820−30. Note that the accurate positions of PSRs J1823−3021E and F are not available (see Lynch et al. 2012 Ref:
(1) Goldsbury et al. (2010) ; (2) Kharchenko et al. (2013) ; (3) Lynch et al. (2012) ; (4) This work; (5) Migliari et al. (2004) Figure 1. Radio sources in the central region of the globular cluster NGC 6624. The best available position measurement of PSR B1820−30A ) is marked with the red cross and that of LMXB 4U 1820−30 (Migliari et al. 2004 ) and the cluster centre (Goldsbury et al. 2010 ) are marked with black crosses. The dashed circles represent the measured uncertainties of these source locations and that of the cluster centre. The contours are the 80% and 95% intensity levels of the VLA radio continuum region (Migliari et al. 2004) . Note that the other pulsars in the cluster are located outside of this field-of-view (i.e. the projected distances of pulsar B, C, and D are 4 ′′ , while pulsar E and F do not have precise position measurements † ). † See ATNF pulsar catalog (http://www.atnf.csiro.au/people/pulsar/psrcat/) (2011) and re-constrain the pulsar orbit and its companion mass.
NGC 6624 also contains the extremely-short-orbitalperiod Low Mass X-ray Binary (LMXB) 4U 1820−30 which has an anomalously large orbital period derivative that also appears to be influenced by the cluster dynamics (Stella et al. 1987; Rappaport et al. 1987) . Using more recent data, also proposed that the observed negative orbital period derivative of the LMXB is due to an acceleration in the cluster potential and suggested that the centre of the cluster most likely contained a large amount of dark remnants, or an IMBH, or that there was a dark remnant located close to the LMXB itself.
Depending on the orbit and the mass of the companion given the close location of the pulsar to the centre, we can reveal the properties of the central source, an IMBH in this case, of the cluster NGC 6624. The possibility of MSPs orbiting around IMBHs in globular clusters has previously been discussed (see Colpi et al. 2003; Devecchi et al. 2007) . However, such a system has not been evident prior to this work. The best observational evidence hitherto for IMBHs is based on line broadening seen in the centres of dwarf galaxies (Reines et al. 2013 ) and the implied high mass accretion rates of the ultra-luminous X-ray sources (Patruno et al. 2006; Farrell et al. 2009 ). The current best candidates for globular clusters hosting central IMBHs are NGC 5139 (Noyola et al. 2010 ) and G1 in M 31 (Gebhardt et al. 2005) , and NGC 6388 (Lützgendorf et al. 2015) in the Milky Way based on the velocity dispersion of stars near the cluster centres. However, in the latter case there is some disagreement on the mass (∼30, 000 M⊙) of the IMBH (Lanzoni et al. 2013; Lützgendorf et al. 2015) . The IMBHs in dense star clusters are also expected to be detected by their accretion signatures in X-ray and radio continuum (Maccarone 2004) . Several studies searched for such emission, but could not find potential signatures. The centre of G1 was detected in both radio and X-ray (Ulvestad et al. 2007; Pooley & Rappaport 2006) , but later observations found no such radio signature (Miller-Jones et al. 2012) .
The low fluxes in radio and X-ray measurements of some globular cluster centres lead to very low mass upper limits on possible central BHs (Strader et al. 2012b; Cseh et al. 2010; Lu & Kong 2011) . However, the various assumptions used may have affected the results (see Sun et al. 2013; Lützgendorf et al. 2013 ). The quiescent stellar-mass BH candidates have mainly been found in globular clusters as low-luminosity accreting BHs (see Miller-Jones et al. 2015, and references therein) . Recently, such a BH was identified outside of a globular cluster for the first time (Tetarenko et al. 2016) . The small gas content in globular clusters (see van Loon et al. 2006; Freire et al. 2001 , and references therein) perhaps makes the accretion onto the central IMBH weaker than expected, resulting in low or absent measured fluxes in radio continuum and X-ray. Although, we note that the dispersion measures of MSPs in the Globular cluster 47 Tucanae suggest that it contains some gas (Freire et al. 2001) , implying that the accretion cannot be completely ignored in that particular cluster and perhaps others. Origlia et al. (1997) interpreted the presence of the intracluster medium of this particular cluster as perhaps being due to a possible bow shock formed from the interaction of the cluster with the Galactic halo. In general, McDonald & Zijlstra (2015) proposed that ultraviolet radiation from white dwarfs in globular clusters can efficiently ionise and eject the intracluster medium.
The plan of the paper is as follows. In Section 2, we present our observations, data processing, and the pulsar timing results. We study the possible acceleration terms that apply to the pulsar in Section 3 and then establish the fact that the observed spin-down of the pulsar is dominated by dynamics, which is the main assumption of the orbit model given in Joshi & Rasio (1997) . In Section 4, we summarise this orbit model and then describe the method used to determine the orbital parameters and the masses. We find the timing measurements are only consistent with the pulsar being in either a high-eccentricity larger orbit with a massive companion, an IMBH in this case, or in a low-eccentricity smaller orbit with a less massive companion. We present the high-eccentricity pulsar orbit solution in Section 4.1 and argue that it is the most probable scenario. We also then explore the possibility of the pulsar existing in a low-eccentricity orbit in Section 4.2 and rule out some of these solutions based on the properties of the cluster. In Section 5, we use a gravitational model of globular clusters including a central IMBH to derive the acceleration of sources around the cluster centre and then compare the results with their measured values to investigate the BH in more details. Finally in Section 6, we discuss our results.
OBSERVATIONS AND TIMING PSR B1820−30A
The timing observations of PSR B1820−30A were obtained with the Lovell Telescope (LT) at the Jodrell Bank Observatory in the UK since its discovery in 1990 March. These observations were made roughly every 18 days over more than 25 years, providing the largest ever data set available for this pulsar, resulting in a total of 516 epochs. The observations were mainly carried out at L-band frequency (the centre frequency varies between 1400 and 1520 MHz) combined with some early 600 MHz observations. Two pulsar backends were used to record the data through out the entire observation span: the 'analog filter bank' (AFB; Shemar & Lyne 1996) used from 1990 March to 2010 April and the 'digital filter bank' (DFB) used since 2009 October. In addition to the LT observations, the pulsar was observed using the Nançay Radio Telescope (NRT) in France since 2006 February, resulting in a total of 61 epochs. These NRT observations were made at L-band frequency (∼1400 MHz) and the data were recorded using two backends: 'Berkeley-Orléans-Nançay' (BON; Cognard & Theureau 2006) backend with a frequency bandwidth of 64 MHz before July 2008 and 128 MHz after, and using the 'NUPPI' backend (Cognard et al. 2013 ) with a bandwidth of 512 MHz after it became the principal instrument for pulsar observations in August 2011. The AFB data were processed using the pulsar timing program 'PSRPROF' 3 , while the DFB, and NRT BON and NUPPI data were processed using the pulsar data processing package 'PSRCHIVE' 4 . For each observation, we folded the data in time (i.e. across the observation length) and frequency (i.e. across the bandwidth of the backend) using the previously published pulsar timing solution to obtain a high signal-to-noise pulse profile (Hobbs et al. 2004) . We then use this pulse profile with the backend-dependent noisefree template of the pulsar to obtain the pulse time-of-arrival (TOA) for the given observation epoch (Hobbs et al. 2006) . Combining both LT and NRT observations, we analysed 577 TOAs in total in the timing analysis.
We fit a standard pulsar timing model including the astrometric parameters, the dispersion measure DM (i.e. the frequency-dependent time delay in the pulsar emission due to electron density in the interstellar medium along the line-of-sight), and the rotational frequency parameters to obtain the residuals between the observed and model predicted TOAs using the pulsar timing software TEMPO2 (Hobbs et al. 2006 ). When combining TOAs from different telescopes and pulsar backends, a time offset or 'JUMP' in the model was used to account for any systematic delays between the data sets. We began the fit by only including the rotational frequency f and its first time derivativeḟ in the model and found a large remaining structure in the residuals. To minimise these residuals, we found that it is necessary to include higher order frequency derivatives, up to the fourth order (i.e. f (4) ), where the resultant accuracy of f (4) was 2.2σ. The timing residuals are shown in Figure 2 and the timing solution is given in Table 2 . We also fit for f (5) and found that its uncertainty is large, so that it provides only an upper limit. In the future with more observations, we will be able to constrain its value better. The best-fit timing model calculates the TOA-uncertainty-weighted root-meansquare of the residuals to be about 12 µs, which is about a factor of 12 improvement compared to the previous analysis given in Hobbs et al. (2004) that was based on 12.7 years of LT observations including only 275 TOAs.
Using the early 600 MHz AFB observations with the LT combining with other L-band observations (with different centre frequencies between ∼ 1400 − 1520 MHz), we fit for the dispersion measure DM of the pulsar. We further fit for its first time derivativeḊ M to model any existing time-dependent variation in DM (see Table 2 ). Our measurements are consistent with the previously published values (see Hobbs et al. 2004 ). The DM andḊ M is less constraining within the L-band-only observation period due to a narrower frequency coverage, in particular after year 2012 (see the top panel in Figure 2 ). However, we assume that there is no significant variation in DM after year 2012 and thus, use the earlierḊ M given in Table 2 across the entire observation period. For comparison, we use the method introduced in Keith et al. (2013) to investigate the DM variation as a function of time. We fit this particular DM model with our timing model parameters, excludingḊ M. The bottom panel in Figure 2 shows the model-estimated DM values as a function of time. A simple linear fit to these changes calculates aḊ M of 2.5(3) × 10 −3 cm −3 pc yr −1 , which is equal to the value given in our timing model (see Table 2 ) within the errors. We further note that the measured higherorder rotational frequency derivatives when this particular DM model is included in the timing model are consistent with our measurements given in Table 2 .
According to Kharchenko et al. (2013) , the proper motion of NGC 6624 is small; (PMRA, PMDEC) = (−1.29, −9.77) mas/yr with an uncertainty of 1.06 mas/yr. The proper motion of the pulsar measured from timing (see Table 2 ) is also small and similar to that of the cluster. Therefore, the relative motions of the cluster in the sky with respect to the Earth and the pulsar within the cluster are small, indicating that the change in our line-of-sight is small, and thus, not sensitive to larger scale changes in the interstellar medium. Therefore, we include the earlierḊ M in the ) shows the residuals of the pulsar after fitting only for the first two rotational frequency derivatives (i.e.ḟ andf ) with other parameters given in Table 2 . Panel (c) shows the same as panel (b), but after fitting for all four rotational frequency derivatives. Panel (d) shows the time-dependent DM values constrained by using the method given in Keith et al. (2013) . The straight line represents the linear least-squares fit to the data points.
timing solution and assume that there has been no significant change since the low-frequency observation stopped.
Previous timing measurements spanning a smaller data set only revealed up to a maximum of two rotational frequency derivatives of the pulsar (Hobbs et al. 2004) . The timing solution reported in Lynch et al. (2012) was able to obtain frequency measurements only up toḟ using the Green Bank Telescope, because their observations spanned less than a year. We note that only one MSP (PSR J1024−0719) has been shown to require higher than a second order frequency derivative to model its arrival times and Bassa et al. 182.9(7) Orbital period P orb (kyr)
1.6(4) † All parameters, except f (5) , were fitted simultaneously. The limit of f (5) was obtained by fitting for all parameters while keeping f (3) and f (4) at their best values.
† † Assuming the pulsar intrinsic spin-down is small compared to the observed value induced by dynamics (see Section 4.1.1).
(2016) recently showed that these higher-order derivatives are dynamically induced by its binary motion in a wide orbit and not intrinsic to the source. Note that the measured second order rotational frequency derivative of PSR B1820−30A is several orders of magnitude greater than that of other MSPs in general (Manchester et al. 2005) . Since MSPs are stable rotators, we do not expect to see such large and higher order spin-down as we observe in PSR B1820−30A. Therefore, these higher order derivatives are not likely to be intrinsic to the pulsar, rather dynamically induced due to binary motion.
ACCELERATION OF THE PULSAR
The observed spin period derivative (Ṗ ) of a globular cluster pulsar is somewhat different to its intrinsic value due to various acceleration terms. In general, the measured value is affected by accelerations due to differential Galactic potential (aG), toward the Galactic plane (az), cluster potential (ac), and the proper motion of the pulsar across the sky (so-called Shklovskii effect - Shklovskii 1970) . As given in previous studies (see , Phinney 1992; Nice & Taylor 1995; Bassa et al. 2016) , this can be expressed in the forṁ
where P andṖint are the observed period and the first time derivative of the intrinsic period, µ is the proper motion, and D is the distance to the pulsar. For PSR B1820−30A, the calculated differential Galactic acceleration aG/c ≈ −5.7 × 10 −11 yr −1 given in , the acceleration toward the Galactic plane az/c ≈ 4.56 × 10 −12 yr −1 (see Equation 4 in Nice & Taylor 1995) , and the Shklovskii effect µ 2 D/c ≈ 5.89 × 10 −11 yr −1 for the pulsar distance of D = 7.6 kpc (Kuulkers et al. 2003) . These terms are all negligible compared to the observedṖ /P and given that the typical spin period of ∼ (1.4 − 10) ms and intrinsic spin period derivative of ∼ 10 −20 s/s of the MSP population the intrinsic contribution (Ṗ int/P ) could be expected to be comparably small (∼10 −10 yr −1 ). In this scenario we can equate the measured value to be equivalent to an acceleration in the potential of the cluster, i.e. a/c =Ṗ /P = 1.960117(1)×10 −8 yr −1 . This high acceleration already suggests that it could be induced by the orbital motion of the pulsar. Thus, we apply the model proposed in Joshi & Rasio (1997) to the timing data of PSR B1820−30A to determine all possible orbital system parameters and the companion masses consistent with the higher order frequency derivatives. We do also note that the γ-ray observations of the pulsar suggest a high γ-ray luminosity that would require an intrinsic period derivative comparable to that of the observed value (Freire et al. 2011 ). Thus, we also consider the influence of a significant intrinsic spin period derivative of the pulsar in the orbit model in Section 4.1.2 and calculate re-constrained orbital parameters.
DETERMINING THE ORBITAL PARAMETERS AND MASSES
The method given in Joshi & Rasio (1997) enables the determination of the orbital parameters of a binary pulsar and its companion mass up to the unknown factor sin(i), where i is the orbital inclination angle. We use the 'four derivative' solution given in their study with our measured frequency derivatives given in Table 2 to determine many parameters of the binary orbit. The derived analytical expressions for the model are expressed as a function of orbital parameters eccentricity e, the longitude of periastron ω (measured from the ascending node), the longitude of the reference epoch λ (measured from the periastron), and its first time derivativė λ. These equations are given in Appendix A. We derived the expression for f (5) (Equation A4) in this work for the comparison between the model predicted value and the measured upper limit given in Table 2 .
We first investigate all possible orbital systems of the pulsar based on its measured higher-order rotational frequency derivatives through timing. The system has three equations (Equation A1-A3) with four unknowns (e, ω, λ, andλ). As mentioned in Joshi & Rasio (1997) , assuming a value for one parameter, we can solve for the remaining parameters using the Newton-Raphson method. In order to reduce the number of variables, we slightly modified the standard equations of the model and obtained Equation A11 and A12. These two expressions contain only three unknowns λ, ω, and e. We first solve for orbital-inclination-independent parameters λ and ω as a function of e using these expressions. Our results are shown in Figure 3 . Since these are nonlinear systems, more than one solution may exist. Thus, we searched for solutions using the initial guesses for the parameters across their entire space (i.e. [0,2π) for λ and ω, across [0,1) for e) and then use the best possible solution. We find solutions only when e 0.33. Then we use these orbital parameters to determine the pulsar orbit size (Equation A13), or the semi-major axis of the orbit, and the mass of the companion (Equation A15) as a function of e up to the given orbital inclination. Figure 3 shows the lower limits of these two parameters assuming an edge-on orbit (i.e. i = 90
• ) To confirm our results we use the independent derivation of the frequency derivatives due to orbital motion as given by Bassa et al. (2016) . By choosing random values for e, λ, and ω, combined with the constraints onḟ and f (2) , we performed a Monte Carlo simulation to select those orbital parameters that reproduce f (3) and f (4) within their 1-σ measured uncertainties as given in Table 2 . We found that the orbital parameters constrained from this method are exactly consistent with the results those constrained using the Newton-Raphson method (as shown in Figure 3) .
The orbital solutions consistent with the first four measured frequency derivatives allow eccentricities in excess of e = 0.33. All solutions place the system near apastron of the orbit (λ between 160 and 180
• ), with the low eccentricity solutions having low stellar mass companions in smaller orbits of which the apastron is placed towards the observer, Figure 3 . All possible pulsar binary systems for an edge-on orbit as a function of eccentricity. Note that there are valid solutions only when e 0.33. The parameters λ and ω are independent of the orbital inclination, while the derived pulsar orbit size (or the semi-major axis), and the companion mass are orbital-inclinationdependent parameters. For low eccentricities, the pulsar orbital size becomes small and the companion mass reduces and moves towards the sub-stellar regime. The bottom panel shows the orbital model-predicted (solid line) and the timing measured upper limit (dashed line) of f (5) for the pulsar. This indicates that when 0.56 e 0.9 (i.e. the shaded region), the predicted f (5) is greater than its measured 3-σ upper limit (i.e. 7 × 10 −52 s −6 -see Table 2 ) and thus ruling out such binary systems.
i.e. ω ≈ 90
• . For solutions with higher eccentricities, the companion mass and hence the orbit size increase. To keep the same observed frequency derivatives, the apastron moves from being positioned out of the plane of the sky (ω = 90
• ) to being positioned in the plane of the sky (ω = 0
• ). In order to further constrain the orbital parameters we derived an expression for f (5) (see Equation A4 ). Using this expression, we could estimate the model-predicted f (5) for the range of orbital solutions (see the bottom panel in Figure 3 ) and compare this with the measured upper limit from the pulsar timing. The 3-σ upper limit of f (5) (the dashed line in Figure 3 ) rules out all orbits where the eccentricity lies in the range between 0.56 − 0.9. The remaining valid high-eccentricity binary systems (e 0.9) correspond to a large pulsar orbit (with the unknown orbital inclination) which could pass around a massive companion located at the cluster centre. For an orbit of eccentricity ≈0.9, we find that the inclination must be 48
• in order that the orbit pass around the centre. We investigate the parameters of these high-eccentricity orbits in Section 4.1 in detail. The constraint on f (5) also allows a range of low-eccentricity (0.33 e 0.56) pulsar binary systems with smaller orbits and low-mass companions ≈ (0.5 − 4.9) M⊙, which could be main-sequence or slightly evolved cluster stars, white dwarfs, neutron stars or stellar-mass BHs. We discuss these in Section 4.2 and show that some of them can be ruled out by considering the properties of the cluster, the other pulsars, and the LMXB.
Pulsar orbiting around the cluster centre
Here we examine the parameters of the pulsar if it is in a high-eccentricity orbit where e 0.9. As mentioned before and shown in Figure 3 , these orbits are large enough to pass around the cluster centre where there is a massive central object. Therefore, we can use the observed projected separation of the pulsar from the cluster centre as an additional measurement to further constrain its orbital parameters. The cluster centre is measured to be R.A. = 18:23:40.51 and DEC. = −30:21:39.7 with an uncertainty of 0.1 ′′ (Goldsbury et al. 2010) . The absolute accuracy of the reference frame of this measurement and the uncertainty due to frame ties might give a total uncertainty of <0.1 ′′ (see Skrutskie et al. 2006; Anderson et al. 2008 , and private communication with Goldsbury et al.) . We considered an additional error of 0.1 ′′ in the centre measurement given in Goldsbury et al. (2010) , and found that it does not change the orbital parameters and thus, the results presented in this work. Based on the measured cluster centre position given in Goldsbury et al. (2010) and Kharchenko et al. (2013) and the pulsar position given in Lynch et al. (2012) and our timing solution (see Table 1 ), the observed projected separation is calculated to be between 0.016 pc R ⊥ 0.042 pc.
Using first four frequency derivatives in Equations A1-A3, we determine the orbital parameters e, ω, and λ as a function ofλ. These values can then be used in Equations A16-A18 to calculate the model-derived projected separation of the pulsar from the cluster centre for an assumed edge-on orbit. We then compare this model-derived projected separation with the observed projected separation measurement given above (i.e. 0.016 − 0.042 pc) to place a limit onλ, and then keep that value fixed in the analysis. We note that the model-derived projected distance varies with the inclination angle, resulting in a change in the possibleλ range. In general, the chance of observing a binary system at an angle 26
• is about only 10% (see Lorimer & Kramer 2005) . Therefore, we consider all possible orbital inclinations 26
• and find out that the limit ofλ varies slightly, and thus, our orbital results vary only by < 3%. Therefore, we use theλ limit obtained from the edge-on orbit for any given orbital inclination in the model.
Case I: Orbital results assuming a negligible intrinsic spin-down of the pulsar
We first consider the case where the pulsar intrinsic spindown is negligible compared to its observed value which is therefore assumed to be predominantly induced by dynamical effects (see Section 3). Our results for e, ω, and λ are shown in Figure 4 where in the bottom panel we show the model-derived projected separation and the observed projected separation (dashed lines). These limits can then be used to impose a range of sensible values ofλ to be (1.7 − 4.3) × 10 −10 deg/s. For the rest of this analysis we therefore use the mean value of the possible range ofλ as the best value (λmean = 3 × 10 −10 deg/s) and keep it fixed in the model. We further note that our orbital results vary only by less than 1% within this possibleλ range, and thus keepingλ(≡λmean) fixed in the model is a valid assumption.
As the fourth derivative of the spin frequency (f (4) ) has a large uncertainty (see Table 2 ) compared to the other three lower derivatives we solve the orbital parameters as a function of f (4) by keepingλ atλmean, and obtain the other parameter uncertainties based on the measured uncertainty of f (4) . Our results are given in Table 2 and shown in Figure 5 . This indicates that in this model the pulsar is currently located near apastron of an extremely eccentric orbit (e = 0.993(4)) that includes the cluster centre. We note that while e, ω, and λ are independent of inclination angle, the derived companion mass, orbital size and projected separation all depend on the orbital inclination. However we can use the maximum possible measured projected separation of the pulsar from the cluster centre (≈ 0.042 pc) to impose a lower limit on the inclination angle of i ≈ 44
• (see Figure 5 ). The remaining possible inclination range 44
• < i < 90
• predicts that the mass of the companion, which would therefore be the mass at the cluster centre M , is between about 8, 000−37, 000 M⊙ ( Figure 5 ). Using these parameters in Kepler's laws, we also constrain the orbital period (P orb = 1.6(4) kyr), which is independent of the orbital inclination, indicating that the pulsar is in a wide orbit. Moreover, the orbital parameters show the location of the pulsar is very close to the sky plane (i.e. λ ≈ 180
• and ω ≈ 0
• ). Thus, the radial distance of the pulsar from the cluster centre is approximately equal to the projected distance. We further note that with these parameters the model-predicted f (5) = 0.7×10 −52 s −6 obtained from Equation A4 is consistent with the timing measured upper limit of 1(2) × 10 −52 s −6 (see Table 2 ). In principle the pulsar might be orbiting a cluster centre full of stars, however, combining this mass with the periastron separation of (9 − 14) × 10 −5 pc, where this range is due to the possible orbital inclinations, this leads to a stellar density of 3 × 10 15 M⊙/pc 3 compared with the low central density of the cluster of ∼10 5 M⊙/pc 3 derived from the early optical observations (Canizares et al. 1978) . Such an exceptional mass density can only be achieved if the pulsar is orbiting an intermediate-mass black hole (IMBH).
Case II: Orbital results with a significant intrinsic spin-down of the pulsar
As discussed in Freire et al. (2011) the high γ-ray luminosity of the pulsar could indicate that a large fraction of the observed spin-down is intrinsic. Here we take account of this possibility in the orbit model. Although it is not possible to estimate the intrinsic spin-down, we can estimate a sensible range by using the γ-ray luminosity with the assumption that the γ-ray emission is directly related to the intrinsic spin-down of the pulsar. Using the measured γ-ray flux density of (1.60 ± 0.17) × 10 −11 erg/s/cm 2 given in Acero et al. (2015), we estimate the γ-ray luminosity of the pulsar to be Lγ = 1.1 × 10 35 fΩ(D/7.6) 2 erg/s for a given γ-ray beaming fraction of fΩ and a pulsar distance of D in kpc. The parameter fΩ varies widely between different emission models for this pulsar (∼0.3-0.94, see Freire et al. 2011; Johnson et al. 2014) , and for all γ-ray pulsars in general. Therefore, we as- Figure 5 . Parameters of the pulsar orbit around the cluster centre and the companion as a function of measured f (4) . The vertical blue dashed and blue dotted lines represent the timing measurement of f (4) with its uncertainty. The minimum (red solid) and the maximum (red dashed) estimates of the last three parameters are obtained based on the orbital inclination 90 • and 44 • , respectively. The lower limit of the inclination angle is determined from the maximum measured projected separation of 0.042 pc (dashed black line). Combining the orbital inclination and the measured f (4) , the companion mass and the pulsar orbital period and size are constrained to be about (8, 000 − 37, 000) M ⊙ , (1.36 − 1.94) kyr, and (0.012 − 0.025) pc, respectively. sume the standard value of fΩ ≈ 1 in this case. Then we can get the intrinsic spin-down (ḟint) of the pulsar assuming a γ-ray emission efficiency of η (= Lγ /Ė, whereĖ = −4π 2 Ifḟint is the intrinsic spin-down energy of the pulsar) to bė
for an assumed pulsar moment of inertia of I = 10 45 g cm 2 . This leads to a dynamically induced spin-down ofḟ dyn = f −ḟint, which we can input to the orbital model to constrain the pulsar orbit and the companion mass as described before in Section 4.1.1. Note that η cannot be estimated without having a well-constrained fΩ and a good estimate for the pulsar distance. Thus we expressḟ dyn as a function of η for the given pulsar distance of 7.6 kpc (Kuulkers et al. 2003) and fΩ = 1.
By following the same procedure given in Section 4.1.1 using the estimatedḟ dyn instead ofḟ , we determine the orbital-inclination-independent parameters for the measured f (4) as a function of η (see Figure 6 ). The calculatedḟ dyn is negative, but it is possible for it to have positive values for small η where |ḟ | < |ḟint|. This sign variation corresponds to positive or negative acceleration of the pulsar towards our line-of-sight and can be understood in terms of the pulsar location in the orbit with respect to the sky-plane which passes through the cluster centre (see Figure 1 in Phinney 1992). The angle θ (= ω + λ − π), which is the angle subtended by the pulsar at the cluster centre with respect to the sky-plane through the centre, becomes negative (i.e. when the pulsar is located behind this particular sky-plane) wheṅ f dyn is negative (i.e. η > 0.13 and the pulsar acceleration is positive), and vice-versa. This can be clearly seen in Figure 6 . Using these parameters, we then derived the companion mass, or the central mass of the cluster, as a function of η. This result can also be represented as a function oḟ fint using Equation (2) (see Figure 7) . The maximum physically meaningful η is unity, but we note that it could be greater than one due to an overestimated pulsar distance and fΩ. As described in Equation 2, the lowest possible intrinsic spin-down of the pulsar isḟint = −1.5 × 10 −14 s −2
for η = 1. The highest intrinsic spin-down occurs when the pulsar has the lowest η. According to Abdo et al. (2013) , the lowest η for γ-ray MSPs is estimated to be 0.013, which is equivalent toḟint ≈ −1.2 × 10 −12 s −2 (from Equation 2). Therefore, we use a range ofḟint between −1.3 × 10 −12 s −2 and −0.15 × 10 −13 s −2 (i.e. η is between ∼0.011 − 1 using Equation 2) to estimate the central mass of the cluster. We also note that this range covers the estimated η(≈ 0.03−0.2) for this pulsar based on different γ-ray emission models (see Freire et al. 2011; Johnson et al. 2014; Abdo et al. 2013 ). Our results shown in Figure 6 and 7 indicate that the mass of the companion is M > 7, 500 M⊙ and the orbit includes the cluster centre. Combining this mass with the periastron separation of the pulsar orbit, we calculate the central mass density of the cluster to be >2 × 10 9 M⊙/pc 3 . As described in Section 4.1.1, this extreme mass density is achieved only if the central object is an IMBH. We also note that in the scenario whereḟint =ḟ , there is noḟ dyn and the acceleration along the line-of-sight is zero and therefore, the central source is unconstrained and the mass estimate is not meaningful (see the resultant spike in Figure 7 around η = 0.13). ) in the orbit model. Note that θ is the angle subtended by the pulsar at the centre with respect to the sky-plane through the cluster centre. The sign of θ andḟ dyn changes at the critical limit of η ≈ 0.13 whereḟ ≈ḟ int .
We use the same information and method as described in Section 4.1.1 to impose the upper limit of the IMBH mass and find that the minimum possible orbital inclination is still at ∼ 44
• . Note that if we assume a large η(> 1), theṅ fint → 0 and the model converts to Case I given in Section 4.1.1, where there is a lower limit for the central IMBH of ∼8,000 M⊙. (dotted) is obtained for i = 44 • using the fact that the possible maximum projected distance of the pulsar from the cluster centre should be ∼0.042 pc as described before in Figure 5 .
In summary, regardless of the contribution of the pulsar intrinsic spin-downḟint to its observed valueḟ , the orbital model predicts that NGC 6624 contains an IMBH in the cluster centre and PSR B1820−30A is in a wide high-eccentricity orbit which passes around this central source. The possibility of NGC 6624 hosting a central IMBH has previously been discussed in several studies based on different globular cluster models (see Bahcall 1976; Canizares et al. 1978; ).
Pulsar in a Smaller orbit with a less massive companion
As we found previously, the possibility of the pulsar existing in smaller orbits with low-eccentricities including other classes of companions such as main sequence stars, white dwarfs, neutron stars or stellar-mass BHs cannot be completely ruled out. used a globular cluster dynamical model to estimate the acceleration of the LMXB and pulsars, and found a lower limit of the mass of a central IMBH to be 19,000 M⊙. They mentioned that a central concentration of dark remnants is more favourable than a central IMBH based on the stability of the triple behaviour of the LMXB. However, we argue that the LMXB experiences the gravity from both scenarios similarly, and thus cannot separate the two cases (see Section 6 for details). Therefore, we study the stability of the range of possible smaller orbits with low-mass-companions for PSR B1820−30A at its location in the cluster due to the presence of this 19,000 M⊙ IMBH at the centre. We estimate the radii at which these binaries would tidally disrupt due to the central IMBH and determine if the pulsar separation from the cluster centre is smaller than this tidal radius. However, the true pulsar location in the cluster for this case is unknown. If we assume that the pulsar is located in the sky plane which passes through the cluster centre, then the separation between the pulsar and the cluster centre is ∼ 0.016 pc (i.e. the minimum measured projected distance between the pulsar and the cluster centre; see Section 4). In this case we can rule out smaller orbit binary systems with e 0.37 as shown in Figure 8 for an edge-on orbit. We then vary the pulsar location in the cluster and investigate the stability of the orbit. We find that if the pulsar is located about 75
• off from the sky plane (i.e. θ = 75
• ), then the binary orbits with e 0.4 would tidally disrupt (see Figure 8 ). This indicates that we can rule out all the possible orbital systems with e 0.4 for any of the given highly-probable pulsar locations in the cluster (i.e. θ < 75
• ), leaving only very low-eccentricity binaries within a narrow valid region of 0.33 e 0.4.
However, as described in , it is likely that the other pulsars and the LMXB in this cluster are or-biting around the central IMBH. Therefore, it is more likely that PSR B1820−30A is also orbiting around the central IMBH and thus we consider that all the possible smaller orbits with the less massive companions are unlikely.
GRAVITATIONAL MODEL FOR NGC 6624
In order to compare our results with the results given in , we use their globular cluster model with our timing derived central IMBH 5 . This model uses a mass profile which is derived from the surface density profile for the given best fit parameters and a total cluster mass of 2.5 × 10 5 M⊙, excluding the mass of the central IMBH. We place the pulsar timing and dynamically derived central IMBH (i.e. ∼10, 000 M⊙ IMBH from Section 4.1.1 ) in the cluster and use Equation (6) in their study to estimate the acceleration of the pulsar at the current position in the orbit (derived from the orbital parameters in Table 2 ). The model-predicted pulsar acceleration is then estimated to be ∼ 2 × 10 −8 yr −1 , which is consistent with the pulsar acceleration derived from our measured value ofḟ given in Table 2 .
We then use this model to predict the acceleration of the other two pulsars and the LMXB in the cluster that have measured accelerations derived from their period derivatives (see ). Since the current 3D position of these sources in the cluster are not available, like our measurement for PSR B1820-30A, only the maximum acceleration along the line-of-sight can be predicted (see Figure 9 ). To get consistent maximum acceleration estimates with the measured source accelerations, we find that the minimum mass of the central IMBH is increased to ∼60,000 M⊙. This large mass limit is consistent with the timing derived mass when the pulsar intrinsic spin downḟint lies between about −1 × 10 −12 s −2 and −7.6 × 10 −14 s −2 (i.e. 0.08 η 0.2) as shown in Figure 7 . This η range is consistent with that measured for the pulsar based on different γ-ray emission models (see Johnson et al. 2014; Abdo et al. 2013) .
We further note that our model depends on the density profile of the globular cluster (see , for more details). We assumed in the model that the mass-tolight ratio of the cluster is unity and also the orbits of all pulsars and the LMXB are in the same plane through the cluster centre and edge-on to our line-of-sight. Therefore, we note that this model-estimated minimum mass (∼60,000 M⊙) of the central IMBH depends on various assumptions and parameter values used in the cluster model.
DISCUSSION
We have determined the orbital parameters and the companion mass of PSR B1820−30A using the measured higherorder rotational frequency derivatives through pulsar timing. Our results are consistent with the pulsar being in either Figure 9 . Cluster model-predicted maximum acceleration as a function of projected distance from the centre. Different curves represent the acceleration for different IMBH masses in the centre: no IMBH (solid), 10, 000 M ⊙ (dashed), and 60, 000 M ⊙ (dotted). The measured accelerations of PSRs B1820−30A, B1820−30B, and B1820−30C, and LMXB 4U 1820−30 are marked appropriately. To be consistent with the measured acceleration of these sources, the cluster model requires the minimum mass of the central IMBH to be 60, 000 M ⊙ .
a high-eccentricity larger orbit (e 0.9) around the central IMBH or in a low-eccentricity smaller orbit (0.33 e 0.4) with a low-mass companion. However, the properties and the measurements of the cluster and the other sources near the centre are consistent with a central IMBH (see Figure 9) , and thus PSR B1820−30A is highly likely orbiting around a central IMBH, ruling out the smaller orbit possibilities. Regardless of the contribution of the pulsar intrinsic spindown to the observed value shown in timing measurements, we deduce that NGC 6624 contains an IMBH with a mass of M > 7, 500 M⊙ at the centre and that the pulsar orbits around it (see Table 3 ). This is the first evidence and mass constraint of a central BH in a globular cluster made using the timing measurements of pulsars directly combined with orbital dynamics. This mass estimate is consistent with that of central IMBHs in other Galactic globular clusters constrained through photometry of stars with kinematic models (Lützgendorf et al. 2011 (Lützgendorf et al. , 2013 (Lützgendorf et al. , 2015 . The derived orbital parameters and the mass limits indicate that the inclination of the pulsar orbit must be between about 44
• and the orbital period is in the range 1.36 − 1.94 kyr, where the error on the period comes from the uncertainty of our measured f (4) . The extremely high eccentricity of the orbit (e = 0.993(4)) was likely to be the result of a dynamical interaction deep in the cluster centre. This is somewhat similar to high eccentricities that are found in some globular cluster binary pulsars (see DeCesar et al. 2015; Freire et al. 2007; Lynch et al. 2012) . The current likelihood of a strong gravitational interaction is sufficiently low, both at periastron and apastron, to suggest that the current orbit is stable (see Appendix B1). We found that the model-predicted f (5) calculated using the best-fit orbital parameters of the pulsar is consistent with the timing measured upper limit. In the future with about four years of more LT observations, we will be able to obtain a measurement for f (5) with an accuracy of about 2-σ, including improvements in the other rotational derivative measurements, to constrain all four pa- Table 3 . Summary of possible orbital models for PSR B1820−30A. Case I -The pulsar orbits around the massive central source of the cluster and its intrinsic spin-down is negligible compared to the timing measured value. Case II -This is similar to Case I, but for a significant intrinsic spin-down compared to the measurement. Case III -The pulsar orbits with a less-massive companion in a smaller orbit. Based on the properties of the cluster with other pulsars and the LMXB, Case I and II are the most probable orbital models for the pulsar than Case III (see Section 4 for details). rameters in the orbital model independently, leading to a better IMBH mass estimate. Combining observations from other telescopes with the LT observations, we will be able to reach the required accuracy of f (5) in a shorter period than mentioned above. We also considered the possibility of the cluster containing large amount of dark remnants in the inner region instead of a central IMBH as argued in . As used in for this dark remnant scenario (see Section 4.4 therein), we considered the inner slope of the mass density profile to be 1.7 in the globular cluster model given here in Section 5. We estimated the total mass interior to the measured projected distance of the pulsar (≈ 0.02 pc) to be about 4, 000 M⊙, again ruling out these possible low eccentricity orbits.
Globular clusters have long been proposed to host central IMBHs, but hitherto the evidence has not been conclusive (Miller & Hamilton 2002; Strader et al. 2012b ). Noyola et al. (2008) claimed a central IMBH in the Galactic globular cluster ω Centauri by fitting isotropic cluster dynamical models to observed radial velocity dispersions, but its mass estimate is controversial due to difficulties in obtaining the position of the cluster centre (see van der Marel & Anderson 2010; Noyola et al. 2010) . Lützgendorf et al. (2011) claimed a possibility of a central IMBH in the Galactic globular cluster NGC 6388, but its mass estimate is also controversial (Lanzoni et al. 2013) due to difficulties in obtaining accurate velocity dispersions of the cluster stars (Lützgendorf et al. 2015) near the centre because of the confusion with the large number of cluster stars along the line-of-sight which are not in the centre. This claim also relied on a dynamical model with the cluster mass distribution. In contrast, our detection in NGC 6624 is derived directly from the measured dynamics of PSR B1820−30A and its location in the cluster and is therefore independent of cluster model parameters and geometry assumptions used in previous studies (Noyola et al. 2010; Lützgendorf et al. 2011; .
Based on the stability of the assumed triple system scenario of LMXB 4U 1820−30, found that a flyby dark remnant with a mass of < 6 M⊙ could explain its observed negative period derivative. However, they also mentioned that the chance of experiencing a similar flyby event by all other three pulsars is highly unlikely. Then they argue that the massive IMBH derived from their globular cluster model implies that the observed period derivative of this source is a unique event with a short duration and the triple behaviour would be destroyed by tidal forces very quickly. In addition, they argue that if the observed period derivatives of all three pulsars and the LMXB are dynamically induced by the strong gravitational force exerted within NGC 6624, then it is necessary to have an extended concentration of non-luminous mass in the central region; e.g. dark subsystem of BHs, neutron stars, and white dwarfs. They suggested that an order of 70,000 M⊙ dark remnants could be concentrated within the break radius of 0.22 pc in the cluster, resulting in a mass density of 10 6 M⊙/pc 3 . They mentioned that the dark remnant scenario is more favourable than the central IMBH. We modified the globular cluster model given in Section 5 according to the parameters that used in their study of the dark remnant scenario and found that the total dark mass interior to the radius of the LMXB is about 14,000 M⊙. The triple system experiences the gravity of this large central dark mass as a single massive object located at the cluster centre, which is similar to a central IMBH. We therefore argue that there is no reason to favour the dark remnant scenario over a central IMBH. The idea that the centre of this cluster contains dark remnants has also been discussed in Grabhorn et al. (1992) . They suggested that a dark mass of 56, 000 M⊙ is bounded within a central radius of 0.3 pc, resulting in a mass density of 5 × 10 5 M⊙/pc 3 . In contrast, our timing-derived orbital results find that a mass of ∼ 10, 000 M⊙ is bounded within even a smaller central radius of ∼ 10 −4 pc (see Section 4.1.1), providing a mass density of ∼ 10 15 M⊙/pc 3 . Such an extremely high central mass density can only be achieved by an IMBH and therefore, the dark remnant scenario is unlikely. Noyola et al. (2008) found that a mass of ∼ 10, 000 M⊙ is bounded to a central radius of 0.05 pc of the globular cluster ω Centauri and claimed that it is more favourable to have an IMBH rather than a concentration of dark remnants.
The spherically symmetric mass accretion onto a central BH can produce X-ray and radio continuum emission (Bondi 1952) . The mass limits on proposed IMBHs have been previously investigated through comparing the expectations from Bondi-accretion and X-ray and radio observations (e.g. Maccarone & Servillat 2008; Maccarone 2005; Strader et al. 2012b) . By following Strader et al. (2012b) with the assumption of a 3% Bondi-accretion rate at 10 4 K and a gas number density of 0.2 cm −3 , we estimate the expected radio luminosity to be between 8.3 × 10 30 erg/s (for an adiabatic process) and 2 × 10 32 erg/s (for an isothermal process) for an IMBH of mass 60, 000 M⊙ (i.e the minimum possible IMBH mass, see Section 5). The details of the calculations are given in Appendix C. Migliari et al. (2004) reported the radio emission around the central region of NGC 6624, in particular around the LMXB. Their observations indicate that the flux density at the cluster centre is approximately four times the rms of their image (i.e. 4 × 0.015 mJy -see Figure 3 of Migliari et al. 2004) . Assuming this flux density, we calculate the measured radio luminosity at the centre is about 3.5 × 10 28 erg/s for a flat emission spectrum, which is about two orders of magnitude less than the luminosity expected from the Bondi-accretion for an adiabatic case (i.e. γ = 5/3). As mentioned in Migliari et al. (2004) , the measured high frequency radio emission is attributed with the LMXB and not with PSR 1820−30A. We also note that the spatial separation between the radio emission contours and the cluster centre indicates that this emission is unlikely to be associated with the central IMBH. If Bondiaccretion is active in the centre, then the model-predicted and the measured luminosities suggest that the percentage assigned to mass accretion or the gas density, or both, must be less than the assumed values in the calculation. We also note that the other assumptions may have affected the mass limit and the luminosity estimation (see Appendix C).
The detection of IMBHs is important for understanding the missing link between stellar mass black holes (Strader et al. 2012a; Pasham et al. 2014 ) and super massive black holes (Volonteri 2010) . It is generally thought that they could be formed by the direct collapse of very massive primordial stars (Madau & Rees 2001) , or successive mergers of stellar-mass BHs (Miller & Hamilton 2002) and runaway collisions in dense young star clusters (Portegies Zwart et al. 2004) . Our dynamical mass measurement provides the clearest dynamical evidence yet for an IMBH with a reasonably well constrained mass and its location in a globular cluster provides important input to our understanding of how IMBHs and the clusters themselves, form and evolve (Portegies Zwart et al. 2004; Miller & Hamilton 2002) . It also highlights the value of finding multiple pulsars in globular clusters, in particular close to their centres, where other techniques have difficulties with resolution, and the importance of undertaking long-term timing studies to understand their dynamics and potentially identifying and measuring the masses of further IMBHs. inclination, m is the pulsar mass (i.e. m ≈ 1.4 M⊙), M is the mass of the companion, G is the Gravitational constant, and c is the speed of light. If the companion mass is large compared to the pulsar mass (i.e. m << M ), we can simplify the above equation as
Assuming the pulsar orbits around the cluster centre, its projected distance from the centre can be found using the constrained orbital parameters as,
where,
The radial distance of the pulsar in the orbit is
APPENDIX B: STRONG ENCOUNTER TIMESCALE
We consider the strong encounters of the pulsar with other stars during its orbital motion in the globular cluster environment. By definition, the timescale for strong encounters can be expressed as
where V is the velocity of the pulsar, m is the average stellar mass in the cluster, and n is the stellar density (see Chapter 3.2.1 in Sparke & Gallagher 2006) . Using the pulsar periastron and apastron velocities of 940 km s −1 and 3 km s −1 , respectively, derived from the orbital parameters given in Case I combined with an average mass of 1 M⊙ for all stars and a typical globular cluster stellar density of 10 6 pc −3 , the strong encounter timescales are calculated to be 3.3×10 9 kyr and 130 kyr at periastron and apastron, respectively.
We also considered Case II and found that for any giveṅ fint (except for the critical case ofḟ ≈ḟint), the orbital period is smaller than ts at both periastron and apastron.
APPENDIX C: SPHERICALLY SYMMETRIC ACCRETION ONTO AN IMBH
As described in Bondi (1952) , a spherically symmetric accretion onto a BH can be written aṡ Figure C1 . Expected radio luminosity due to mass accretion onto the central IMBH as a function of BH mass. The solid and dotted lines give the solutions for isothermal (γ = 1) and adiabatic (γ = 5/3) cases, respectively. The dashed line shows the calculated luminosity at the cluster centre based on the radio flux density reported in Migliari et al. (2004) . The dot-dashed line represents the 60, 000 M ⊙ IMBH. To be consistent with the radio flux density, the required central IMBH mass is ∼8,000 M ⊙ (for γ = 5/3).
where γ varies from 1 (for isothermal case) to 5/3 (for adiabatic case), ρ is the gas density, cs = (γkT /µmp) 1/2 is the sound speed of the gas, with the proton mass mp, and the mean mass per particle of gas µ in units of mp. As given in Pellegrini (2005) and Strader et al. (2012b) , we assume µ = 0.62, ρ = 0.2mp kg/cm 3 , and a 3% of the Bondi-rate contribution to the mass accretionṀ for the gas at 10 4 K (i.e.Ṁ = 0.03ṀB). Then the X-ray luminosity can be calculated as LX = ǫṀ c 2 , where ǫ = 0.1((Ṁ /Ṁ edd )/0.02) is the radiative efficiency. HereṀ edd is the mass loss at Eddington limit and we assume a 10% efficiency on the Eddington luminosity, i.e.Ṁ edd = L edd /0.1c 2 (see Pellegrini 2005) . We then use the form of the X-ray-radio BH fundamental plane given in Strader et al. (2012b) , log LX = 1.44 log LR − 0.89 log MBH − 5.95,
to estimate the expected radio luminosity LR for a given IMBH mass. By substituting all the typical assumptions and constants given above, we can obtain a useful expression for the radio luminosity as a function of the BH mass MBH , in units of solar mass, as erg/s, (C3) where η and n are the percentage of the Bondi-rate contribution to the mass accretion and the gas density in cm −3 , respectively. By using this expression, we estimate the expected radio luminosity as a function of MBH for the two cases γ = 5/3 and γ = 1 as shown in Figure C1 .
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When estimating the model-dependent minimum mass of the IMBH of 60 000 M⊙ in Section 5, we used the separation of 0.15 pc for PSR J1823−3021C from the globular cluster centre as given in (see Table 2 therein). Unfortunately, this value is incorrect and the correct separation is 0.34 pc based on the position given in Table 1 (also see Lynch et al. 2012 ). This correct distance measurement changes the result presented in Figure 9 in the published version and the modified figure based on the positions given in Table 1 is appended here. Note that this does not affect any other results presented in the paper in particular the IMBH mass estimation obtained through orbital dynamics given in Section 4. If the measured accelerations (i.e.Ṗ/P) of PSR J1823−3021B and C are assumed to be solely dynamically induced and the intrinsic spin-down contribution is negligible (see Equation 1), then the required mass of the IMBH to explain the acceleration of these sources becomes as massive as the cluster mass. This implies that the intrinsic spin-down of these two pulsars are important and their dynamically induced accelerations are smaller than the measured accelerations. Therefore, we exclude these two pulsars in the estimation of the IMBH mass limit in Section 5. Assuming that the dynamically induced acceleration of the LMXB is approximately equal to the observed value, as used in , we estimate the minimum model-dependent mass of the IMBH is ∼20 000 M⊙. Thus, the ∼60 000 M⊙ mass limit mentioned in Section 5 and Abstract in the published version has to be replaced by this correct model-dependent mass limit of ∼20 000 M⊙. We also note that the mass of the IMBH used to produce Figure 8 was 19 000 M⊙ and Table 1 ). Different curves represent the acceleration for different IMBH masses in the centre: no IMBH (solid), 10, 000 M ⊙ (dashed), and 20 000 M ⊙ (dotted). The measured accelerations of PSRs B1820−30A, B1820−30B, and B1820−30C, and LMXB 4U 1820−30 are marked appropriately. To be consistent with the measured acceleration of PSR B1820−30A and the LMXB, the cluster model requires the minimum mass of the central IMBH to be 20 000 M ⊙ .
this mass is approximately equal to the correct mass limit given above. Therefore, the result presented in Figure 8 in the published version is valid.
